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Abstract
For a rational prime p, the j -invariants of quadratic Q-curves of degree p are nearly cubes. In order
to understand these cubic factors, we study factorizations of the form j = r3 · R, where j is the modular
elliptic function, r is a function on the modular curve X0(p) and the divisor of the function R satisfies
certain conditions. We prove the existence of such factorizations and show how to compute them.
© 2007 Elsevier Inc. All rights reserved.
MSC: 11F03; 11F11
1. Introduction
Let us denote by X+0 (p) the modular curve X0(p)/〈Wp〉, where Wp is the Atkin–Lehner
involution and p is a prime number. Let g+ be the genus of X+0 (p). In this paper, the term
“Q-curve” will mean an elliptic curve over a number field isogenous to its Galois conjugates and
without complex multiplication (CM).
The modular curve X+0 (p) has only one cusp, which is rational and will be denoted by ∞.
The set of rational points of this curve with CM is finite because they come from some elliptic
curves with multiplication by quadratic imaginary orders of class number  2 (cf. Theorem 3.1
in [3]). The remaining rational points of X+0 (p) correspond to elliptic curves without CM defined
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called quadratic Q-curves of degree p. Let S be the set of rational primes{
p: X+0 (p)(Q)\{∞} contains at least one point without CM
}
.
Of course, S is the disjoint union of the sets Si := {p ∈ S: g+ = i}. Since the sequence {g+} is
not bounded, each set Si is finite. For i  1, due to the fact that X+0 (p)(Q) is infinite, Si contains
all primes p such that g+ = i. So,
S0 = {2,3,5,7,11,13,17,19,23,29,31,41,47,59,71},
S1 = {37,43,53,61,79,83,89,101,131}.
For i > 1, only five values of p ∈ Si are known (cf. [2,3]). More precisely, {73,103,191} ⊆ S2
and {137,311} ⊆ S4. In fact, Galbraith computed in [3] equations for the 23 modular curves
X+0 (p) with 2 g+  5, and he could only find a unique quadratic Q-curve of degree p, up to
Galois conjugation, for each one of the five primes mentioned. It has been conjectured that the
set S is finite (see [2]), and these five values of p might exhaust all primes p ∈ S with g+ > 1.
Every elliptic curve over Q with CM has the property of being isogenous to all its Galois
conjugates. In this sense, one expects that Q-curves can share some of the properties possessed by
CM curves. For instance, it is known that all modular elliptic curves over number fields are either
CM curves or Q-curves. The converse for CM elliptic curves was proved by Shimura (cf. [14])
and the modularity of Q-curves was proved by Ribet under the assumption of Serre’s conjecture
on residual Galois representations of dimension 2 (cf. [13]), which has been recently proved by
Khare, Winterberger and Kisin (cf. [7,8]). Here, we focus our attention on the following well-
known result.
Proposition 1.1. (See Theorem 12.2 in [1].) Let j0 be the j -invariant of an elliptic curve defined
over a number field with complex multiplication by a quadratic order of discriminant coprime
to 3. Then, j0 ∈ Q(j0)3.
For quadratic Q-curves, we have a similar result (see Proposition 1.2 in [6]).
Proposition 1.2. Let j0 be the j -invariant of a quadratic Q-curve of degree p = 3. Let us denote
by K the quadratic number field Q(j0) and by σ the nontrivial Galois conjugation of K . We
have that
(i) if p ≡ −1 (mod 3), then NormK/Q(j0) ∈ Q3,
(ii) if p ≡ 1 (mod 3), then j0/jσ0 ∈ K3.
In other words, j0 is nearly a cube in K . In fact, one expects that there exist r0,R0 ∈ K such
that
j0 = r30 ·R0, with
{
NormK/Q(R0) = 1 if p ≡ −1 (mod 3),
R0 ∈ Q if p ≡ 1 (mod 3).
Since Proposition 1.2 follows from properties of the extension Q(X0(p))/Q(X+0 (p)), the goal
of this paper is to find factors R ∈ Q(X0(p)) such that j/R ∈ Q(X0(p))3, at least for all known
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Q-curves of degree p from the rational points of X+0 (p). Hence, for these cases we would like
to have a procedure to obtain R and (j/R)1/3 from these parameterizations.
The plan of this paper is as follows. In Section 2 we make precise which class of cubic factors
we are looking for, by requiring three conditions to the divisor of the factor R, and we describe
a procedure to compute them when g+ < 2. In the two succeeding sections we prove that such
cubic factors do exist. So, in Section 3 we deal with the case p ≡ 1 (mod 3) and we give an answer
to the problem in Theorem 3.1. In Section 4 we study the more complex case p ≡ 1 (mod 3),
where we require the additional condition that R must be invariant under the involution Wp . The
main result is presented in Theorem 4.1 and, next, we give a precise answer for g+  2. In this
case, the results obtained are much better than the previous ones and show some relationships or
amazing coincidences between the properties of the elliptic points of order 3 of X0(p), the cubic
factors obtained for j and the existence of quadratic Q-curves of degree p when g+ = 2.
2. Cubic factors
2.1. Notation
We take the usual model for the modular curve X0(p) over Q, i.e. Q(X0(p)) is the sub-
field of functions in C(X0(p)) whose q-expansion (q = e2πiz) has rational coefficients. For this
model, a point on X0(p) defined over a number field L is described by the isomorphism class
of a p-isogeny between two elliptic curves defined over Q, which is stable under the action
of Gal(Q/L). The involution Wp acts by sending a p-isogeny to its dual isogeny. We use the
following notation:
K := Q(X0(p)), Q := Q(X+0 (p)), R := {H ∈K: H is regular on H},
where H denotes the complex upper-half plane. Of course, K is the fraction field of R, and, we
have K=Q(j), [K :Q] = 2, Gal(K/Q) = {1,Wp}.
A modular form for Γ0(p) will be said normalized if its q-expansion is of the form qm +∑
n>m anq
n
. Let E4 and E6 be the normalized Eisenstein series of weight 4 and 6, respectively:
E4 = 1 + 240
∑
n1
σ3(n)q
n, E6 = 1 − 504
∑
n1
σ5(n)q
n,
where σk(n) =∑d|n dk . One has  = (E34 −E26)/1728 and j = E34/.
For a modular form H ∈ M2k(Γ (1)), set Hp(z) := H(pz) ∈ M2k(Γ0(p)). The action of Wp
is given by H |Wp = pkHp . In the sequel, we set d and G as follows
d := gcd(12,p − 1), G := (/p)1/d = 1
q(p−1)/d
∏
(n,p)=1
(
1 − qn)24/d ∈R. (1)
It is well known that
div G = p − 1 (0)− p − 1 (∞) and G|Wp = p
12/d
.
d d G
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erates the torsion subgroup of Jac(X0(p))(Q) when X0(p) has positive genus (cf. [11]). Also,
Jac(X+0 (p))(Q) is a torsion-free group of positive rank when g+ > 0 (cf. [9]).
2.2. Good factorizations
With the same notation as in Proposition 1.2, if j0 is the j -invariant of a quadratic Q-curve
of degree p, there exists a unique z0 ∈ Γ0(p)\H such that j (z0) = j0, jp(z0) = jσ0 . The map
ι :R→ K sending F to F(z0) satisfies the following properties:
(i) ι is a surjective ring-homomorphism,
(ii) σ ◦ ι = ι ◦Wp , which implies ι(Q∩R)= Q.
Actually, Proposition 1.2 is a consequence of these properties and the fact that j · jp ∈ Q3 if
p ≡ −1 (mod 3) and j/jp ∈K3 if p ≡ 1 (mod 3).
Our goal is to find a good factorization
j = r3 ·R, r,R ∈K. (2)
First, we have to make precise the meaning of good. Of course, r cannot be in Q. Moreover, since
we are considering the corresponding factorization for j0 = j (z0) and this algebraic number is
indistinguishable from jσ0 when we do not fix an algebraic closure of Q, the definition of good
should imply that jp = (r|Wp)3 · (R|Wp) is also good.
Observe that, if (2) were an equality between rational numbers, we would require that −1
vl(R)  1 for all l-adic valuations. It would be harder to give a definition for number fields. In
our case, we focus on the behavior of R at the two distinguished points of the modular curve
X0(p), i.e. at the cusps.
We require three conditions for a factorization as in (2) to be good:
• Since j ∈R, we require
Condition 1. R or 1/R lies in R.
• To measure the behavior of a function satisfying Condition 1 at the cusps, we introduce the
following notion.
Definition 2.1. For H ∈Rwe define the weight of H , ω(H), as the greatest multiplicity of a pole
of H , namely ω(H) := max{−ord0 H,−ord∞ H }. If 1/H ∈R, we define ω(H) := ω(1/H).
Obviously ω(H) = ω(H |Wp). For instance, ω(H) = −ord∞ TrK/QH if H ∈ R and
ord0 H = ord∞ H .
Since ω(j) = ω(jp) = p, the second requirement is
Condition 2. ω := ω(R) < p.
Remark 2.1. Note that this condition excludes the case r ∈ Q and also the factorization j =
(E4/E4,p)3 ·E3 / because, although R = E3 / satisfies Condition 1, ω(R) = p.4,p 4,p
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function j . The divisor of this function on X(1) is
divX(1) j = (E)− (∞),
where E is the elliptic curve over Q such that End(E) = Z[(1 + √−3)/2]. The divisor of j
viewed as a function on X0(p) is
divX0(p)(j) =
⎧⎪⎨
⎪⎩
∑(p+1)/3
i=1 3(Si)− p(0)− (∞), p ≡ −1 (mod 3),
3(S)+ (T )− 3(0)− (∞), p = 3,∑(p−1)/3
i=1 3(Si)+
∑2
i=1(Ti)− p(0)− (∞), p ≡ 1 (mod 3),
where the points T ,T1, T2 denote the preimages of the point E ∈ X(1) (under the natural pro-
jection X0(p) −→ X(1)) which are elliptic for Γ0(p), and the points Si are the remaining
preimages. When p = 3, there is a unique elliptic point T , which can be identified with the mul-
tiplication by
√−3 on E. We have T ∈ X0(3)(Q) and W3(T ) = T . For the case p ≡ 1 (mod 3),
there are two elliptic points T1, T2 which can be identified with the multiplications on E by ele-
ments in Z[(1+√−3)/2] of norm p. Both points are defined over Q(√−3), complex conjugates
and Wp(T1) = T2.
Note that the divisor displayed above has a natural triple divisor: 3
∑
i Si . Hence, we require
Condition 3. ordSi R = 0 for every non-elliptic point Si ∈ X0(p) over the elliptic curve E ∈
X(1).
Remark 2.2. Since div j /∈ 3 · Div(X0(p)), we have j /∈K3, and then R /∈ Q, which implies that
ω must be positive.
In the two following sections we prove that such factorizations exist. Of course, between two
good factorizations of different weight we consider the one of lower weight as better. We say that
a good factorization is optimal if it has the minimal weight.
2.3. Computational procedure
In practice, once R is determined, or also to check whether j/R ∈ K3, we need to compute
r = (j/R)1/3. In order to do that, we use the following elementary facts:
(1) Given H ∈K, we have
H =
(
TrK/Q(H)±
√
TrK/Q(H)2 − 4 NormK/Q(H)
)/
2.
(2) When g+ = 0, there is a normalized t ∈R ∩Q such that ord∞ t = −1 and t ∈ Zq. In [5]
it is shown how to compute such a function t . Then, one has the following
(i) If H ∈ R, then TrK/Q(H), NormK/Q(H) ∈ Q[t]. In particular, j and jp are integral
over Z[t].
(ii) If H ∈R satisfies ord∞ H,ord0 H ≡ 0 (mod 3), then
H ∈K3 if and only if H 1/3 + (H |Wp)1/3 ∈ Q[t] and NormK/Q(H) ∈ Q[t]3.
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and x, y ∈ Zq (see [5]). We then proceed as in (2) replacing Z[t] and Q[t] by Z[x, y] and
Q[x, y], respectively.
(4) If R ∈R and j/R /∈R, to determine (j/R)1/3 we compute (R2j)1/3 ∈R by using (1) and
(ii) as above, and then (j/R)1/3 = (R2j)1/3/R.
Remark 2.3. If p ≡ 1 (mod 9) and H ∈ K satisfies divH ∈ 3 · Div(X0(p)), then H ∈ Q ·K3.
This follows from the fact that the order of the torsion subgroup of Jac(X0(p))(Q) is coprime
to 3. Moreover, if H is normalized, then H ∈K3.
Remark 2.4. To justify the definition of weight introduced before, we point out that in the case
g+ = 0, for t as in (2) and H ∈R (hence integral over Q(t))
lim
t∈R, t→∞
TrK/Q(H)±
√
TrK/Q(H)2 − 4 NormK/Q(H)
tω(H)
exists and, at least for one of the signs, is a nonzero complex number.
3. The case p ≡ 1 (mod 3)
3.1. Case p ≡ −1 (mod 3)
Take
R =
{
G if d = 1,4,
1/G if d = 2,
where G is the function on X0(p) defined in (1). By applying Remark 2.3, we get j/R ∈ K3.
Since the divisor of R is cuspidal and ω(R) = (p − 1)/d , we have a good factorization. Never-
theless, since the function G|Wp = p12/d/G is integral over Z[j ] (see [6]) and p12/d ∈ Z3 we
consider the function
U =
{
(G|Wp)2 = p24/dR2 if d = 1,4,
G|Wp = p12/dR if d = 2,
and we have that there is u ∈ K such that j is either u3 · U or u3 · U2 depending on whether
d = 2 or not. In this way, a more reduced presentation of the factorization of j is obtained. Next
we show two examples corresponding to the cases g+ = 0 and d = 1,4:
p j
2
(
t + 512 ∓ √t2 − 1282
512
)3(
t ± √t2 − 1282
2
)2
5
(
13t + 250 ± 12√t2 − 500
2
)3(
t ± √t2 − 500)25 2
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or not, we use the polynomial TrK/Q(j) ∈ Z[t].
Next, we show how to apply this procedure to a j -invariant j0 of any quadratic Q-curve of
degree p ≡ −1 (mod 3). Of course, we can use the structure of the class group of K = Q(j0) to
find cubic factors of j0. But, to factorize j0 in a modular way, we proceed as follows:
• Find z0 ∈H such that (j (z0), jp(z0)) = (j0, jσ0 ) as follows:
Compute numerically τ ∈H such that j (τ ) = j0. If j (pτ) = jσ0 , then z0 = τ .
Otherwise, there exists a unique integer k ∈ [0,p − 1] for which jσ0 = j ( −pτ+k ). Then,
z0 = −1τ+k .
• Compute numerically α = p12/d/G(z0) and recognize this as an element in K .
• Compute numerically the three cube roots of j/α or j/α2 according to whether d = 2 or
not, and recognize which of them lies in K .
For instance, for p = 311 the only known j -invariant is, up to Galois conjugation,
j0 = 215335317(16618680850456830581826462180573953721337466000
+ 83284959394895690540180530529396607513231√D),
where D = 11 · 17 · 9011 · 23629. Then, we get
z0 = 0.0489060600967211668874111101291 . . . i,
U(z0)= 86643784170081 + 434217620
√
D,
u(z0)= 240(22278331350442515 + 32106727993
√
D)/3112.
3.2. Case p = 3
We recall that there is only an elliptic point T of order 3 of X0(3), which is rational.
Set t := G + 36/G. The functions G and t generate K and Q over Q respectively. For
j = jp = 0 we obtain G = −27. Set R := G + 27. Then divR = (T ) − (∞). By Remark 2.3,
j/R ∈K3. Again, ω = 1 = (p − 1)/d .
We compute R and r = (j/R)1/3 by using (1) and (2) in Section 2.3:
TrK/Q(R) = t + 54, NormK/Q(R) = 27(t + 54).
TrK/Q(r) = t/3 + 2, NormK/Q(r) = 1/3(t + 246).
Finally, we get
j =
(
6 + t ± √−542 + t2
6
)3(54 + t ∓ √−542 + t2
2
)
.
As a conclusion, we have
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satisfying the property that every zero and pole of R is either a zero or a pole of j . The integer
(p − 1)/d is the lowest weight amongst all good factorizations with this property.
Remark 3.1. Note that, for p > 3, this weight is 12g/d + 1 if d = 2 and 6g − 1 otherwise,
where g denotes the genus of X0(p). Basically, the size of ω depends on g. When g = 0, i.e.
when (p − 1)/d = 1, this factorization is optimal, but in general this is not true. With the same
arguments used in Proposition 4.1 below, it can be proved that there is a factorization of weight
 3g + 1, hence less than or equal to (p − 1)/d when d = 2.
4. The case p ≡ 1 (mod 3)
Although in this case we require an extra condition in the definition of a good factorization, we
obtain better results than for the case p ≡ −1 (mod 3), since the bounds obtained for the weights
depend on g+. We do not have a general expression for a good factorization. Nevertheless we
have been able to obtain an optimal factorization for all primes such that g+  2.
Proposition 4.1. There exists R ∈Q such that j/R ∈K3.
Proof. We have that j/jp = H 3, where H = E4/(E4,pGd/3) ∈ K. Since NormK/QH = 1, by
Hilbert’s Theorem 90, there is r ∈K such that H = r
r|Wp . Then, j/r
3 is invariant under Wp and,
thus, j = r3 ·R with R ∈Q. 
For this reason, when p ≡ 1 (mod 3) we require a fourth condition:
Condition 4. R must be in Q.
We recall that X0(p) has two elliptic points T1, T2 of order 3 defined over Q(
√−3). These
points project onto a rational point T on X+0 (p) and are the common zeros of the functions
TrK/Q(j) and NormK/Q(j). Moreover,
div(j) = 3(S1)+ · · · + 3(S(p−1)/3)+ (T1)+ (T2)− p(0)− (∞).
Observing the divisor of the function R in the above proposition, we get
Corollary 4.1. The divisor (T )− (∞) is linearly equivalent to the triple of a rational divisor of
X+0 (p).
Note that for a factorization as in Proposition 4.1 satisfying Condition 1, ω(R) must be con-
gruent to 1 or 2 (mod 3) depending on whether R ∈R or 1/R ∈R.
Lemma 4.1. Set K = Q(√−3). The Galois group G = Gal(K/K) acts transitively on the set
{S1, . . . , S(p−1)/3}. In particular, if a rational positive divisor D of X0(p) has degree less than
(p − 1)/3, then D − (Si)  0 for all i.
Proof. Let E/Q be the elliptic curve given by y2 = x3 + 1, which has conductor 36. For a
rational prime l  6p, let Pln(X) be the characteristic polynomial of Frobln acting on the Tate
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X2 − 2aX + l = (X − a + b√−3)(X − a − b√−3) for some a, b ∈ Z, since E ⊗ Fl is ordinary
and has all its 2-torsion and endomorphisms defined over Fl .
Let P1 and P2 be generators of the two p-cyclic subgroups C1 and C2 of E[p] attached to the
elliptic points T1 and T2, respectively. For the Fp-basis {P1,P2} of E[p], the usual representation
ρ :G → Aut(E[p]) is given by a matrix
(
χ 0
0 χp · χ−1
)
,
where χ is a character G → F∗p and χp is the cyclotomic character.
Let ν = χ2 · χ−1p and L = Kkerν . We claim that Imν = F∗p implies the statement. Indeed,
assume [L : K] = p − 1 and let us denote by C the set of p-subgroups C′ of E[p] different
from C1 and C2. Of course, C is G-stable since C1 and C2 are. Note that C′ ∈ C is stable under
σ ∈ G if and only if ν(σ ) = 1 and, in this case, all p-subgroups are stable under σ . Therefore L
is the minimum field of definition of each C′ ∈ C containing K . Since |C| = p − 1, we deduce
that G acts transitively on C. Let C′ ∈ C be one of the three subgroups attached to any point Si
and let σ ∈ Gal(L/K) such that σC′ = ζ(C′), where ζ ∈ EndK(E) and ζ 3 = 1. Since σ = Id,
L′ = L〈σ 〉 has degree (p−1)/3 over K and is the minimum field of definition of Si containing K .
Therefore, G acts transitively on the set {Si : 1 i  (p − 1)/3}.
Let us now prove that the cyclic extension L/K has degree p − 1. Let l be a prime ideal
of K coprime to 6p and let O be the order of Q(√−3) of conductor 2p. Due to the fact that
det(ρ(Frobl) − X Id) ≡ PNorm(l)(X) (mod p), ν(Frobl) = 1 if and only if l ∩O is trivial in the
ideal class group Cl(O). This amounts to saying that L is the ring class field HO of O, since
the sets of primes of K not dividing 6p which split completely in both number fields agree (cf.
Theorem 8.19 in [1]). The statement follows from the fact that [HO :K] = |Cl(O)| = p− 1 (see
Theorem 7.24 in [1]). 
Lemma 4.2. Let H ∈Q be such that H or 1/H lies in R. If H is normalized and div(j/H) lies
in 3 · DivX0(p), then j/H ∈K3.
Proof. By Remark 2.3, we can assume 3 | (p − 1)/d . Firstly, suppose H ∈R. Then, its divisor
must be of the form
divX0(p) H = (T1)+ (T2)+ 3D −ω(0)−ω(∞),
with D a rational divisor invariant under Wp and ω ≡ 1 (mod 3). Then, the divisor
C = 1
3
div(j/H) = (S1)+ · · · + (S(p−1)/3)−D + (ω − p)/3(0)− (ω − 1)/3(∞)
must be principal or have order 3, i.e. be linearly equivalent to ±p−13d ((0) − (∞)). We consider
the second case, since the statement is obvious for the first one. Let us set S′i = Wp(Si). Then,
C −Wp(C) =
∑
(Si)−
∑(
S′i
)+ 1 − p ((0)− (∞))≡ ±2p − 1((0)− (∞)).3 3d
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∑
(Si)−∑(S′i ) and
1−p
3 ((0)− (∞)) are principal, since the first is the divisor of the function E4/E4,p and (p−1)/3
is a multiple of the order of (0)− (∞). For the case 1/H ∈Q, the same argument works. 
Theorem 4.1. For p ≡ 1 (mod 3), there is a good factorization j = r3 ·R satisfying each of the
two following conditions:
(i) R ∈R and ω(R) 3g+ + 1;
(ii) 1/R ∈R and ω(R) 3g+ + 2.
In particular the weight of an optimal factorization is less than or equal to 3g+ + 1.
Proof. Let us prove (i). By Corollary 4.1, we know that (T ) − (∞) is linearly equivalent to
−3D′ for some rational divisor D′ of degree 0 of X+0 (p). The divisor D′ is linearly equivalent to
a rational divisor of X+0 (p) of the form D − n(∞) with D  0 and 0 n g+ (cf. Theorem 5.1
in [10]). Therefore, there is a normalized function R ∈ Q ∩ R whose divisor is (T ) + 3D −
(3n + 1)(∞). By Lemma 4.2, j/R ∈K3. Then, ω(R) = 3n + 1 3g+ + 1. Actually, it is easy
to check 3g+ + 1  (p + 1)/8. Due to the fact that ω(R) < (p − 1)/3 and to Lemma 4.1, this
factorization also satisfies Conditions 2 and 3.
To prove (ii), it suffices to observe that 2(T ) − 2(∞) ≡ −3(D − m(∞)) for some rational
positive divisor D of X+0 (p) and 0  m  g+. Then, there is a normalized function R such
that 1/R ∈R ∩Q and whose divisor is (3m + 2)(∞) − 2(T ) − 3D. Then, R provides a good
factorization of weight 3m+2 3g+ +2, and this weight might be lower than 3n+1, the weight
obtained in part (i). 
In the following subsections we determine an optimal factorization when g+  2.
4.1. Case g+ = 0
By Theorem 4.1, we know that there exists a good factorization of weight 1. Therefore, this
one is optimal. Next, we show how to find it. Let t be a normalized generator of Q as in (2)
in Section 2.3. Since T ∈ X+0 (p)(Q), there exists a ∈ Q such that div(t + a) = (T1) + (T2) −
(0) − (∞). Then j/(t + a) ∈R and, by Lemma 4.2, it follows that j/(t + a) ∈ K3. Therefore,
TrK/Q(( jt+a )
1/3)= P1(t), NormK/Q( jt+a )= P2(t)3 for some P1(t),P2(t) ∈ Z[t]. Then,
j = (t + a)
(P1(t)±√P 21 (t)− 4P2(t)
2
)3
.
Next, we exhibit two examples.
p R r
7 t + 13 −96 + 5t + t
2 ± (5 + t)√(−14 + t)(14 + t)
2
13 t + 5 −180 − 254t − 32t
2 + 7t3 + t4 ± (−3 + t)(4 + t)(6 + t)√−52 + t2
2
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Since Jac(X+0 (p))(Q) has trivial torsion, there is not a good factorization with divR ∈〈(T ) − (∞)〉. Hence, the divisor of R must contain some additional point which is neither a
zero nor a pole of the function j and, thus, ω(R) must be > 2. Therefore, by Theorem 4.1, the
optimal weight is 4. Next, we show how to find the corresponding factor R for this weight.
The elliptic curve E = (X+0 (p),∞) over Q has conductor p and is the strong Weil curve in
its Q-isogeny class. More precisely, for p = 37,43,61,79 the label for E is A1 in Cremona
notation. Moreover E(Q)  Z. Let f (X,Y ) = 0 be the following minimal Weierstrass equation
and let M be a generator of E(Q):
p f (X,Y ) = 0 M
37 Y 2 + Y −X3 +X = 0 (0,−1)
43 Y 2 + Y −X3 −X2 = 0 (0,0)
61 Y 2 + YX −X3 + 2X − 1 = 0 (1,−1)
79 Y 2 + YX + Y −X3 −X2 + 2X = 0 (0,0)
Let x, y ∈ Q ∩ R be the normalized functions such that ord∞ x = −2, ord∞ y = −3 and
f (x, y) = 0. Computing the polynomials P1(x, y) = TrK/Q(j) and P2(x, y) = NormK/Q(j),
we can determine the coordinates of T :
37 43 61 79
T (−1,−1) (1,1) (−1,−1) (−2,0)
It can be checked that T = −3M , which implies that (T ) + 3(M) − 4(∞) ≡ 0. Therefore,
there exists a normalized function R ∈ Q ∩R such that its divisor is (T ) + 3(M) − 4(∞). It
is easy to find such a function, because by the Riemann–Roch theorem, R must be of the form
x2 + ay + bx + c for some a, b, c ∈ Q. Thus, we obtain:
37 43 61 79
R x2 − y + x − 1 x2 − y x2 + y x2 + y + 2x
We do not give r(x, y) owing to its great length.
Remark 4.1. Note that for g+ = 1 it turns out that Jac(X+0 (p))/〈(T )− (∞)〉  Z/3Z.
4.3. Case g+ = 2
The unique primes p ≡ 1 (mod 3) with g+ = 2 are p = 67,73,103. In this case, we proceed
as follows.
First, we choose any basis of modular forms {h1, h2} of S2(Γ0(p))〈Wp〉 such that h1 = q+· · ·,
h2 = q2 + · · · ∈ Zq. More precisely, we take h1 and h2 as follows
p h1 h2
67 q − 3q3 − 3q4 − 3q5 + q6 + 4q7 + 3q8 + · · · q2 − q3 − 3q4 + q5 + 4q8 + · · ·
73 q − 3q3 − 3q4 + q6 − 3q7 + 3q8 + · · · q2 + q3 − 3q4 + q5 + 4q8 + · · ·
103 q − q3 − 3q4 − 3q5 − q7 + 3q8 + · · · q2 − 3q4 − q5 − q6 + 4q8 + · · ·
388 J. González / Journal of Number Theory 128 (2008) 377–389Set x = h1/h2 = 1/q + · · · ∈ Zq and y = −q dx/h2 = 1/q3 + · · · ∈ Zq; then we get a
hyperelliptic equation y2 = f (x) for X+0 (p) (for more details, see [4]), where f (x) is as follows.
p f (x)
67 x6 − 4x5 + 6x4 − 6x3 + 9x2 − 14x + 9
73 x6 − 4x5 + 6x4 + 2x3 − 15x2 + 10x + 1
103 x6 − 10x4 + 22x3 − 19x2 + 6x + 1
Let us denote by w the hyperelliptic involution. The functions x and y have exactly two poles
of multiplicity 2 and 3, respectively, at the points ∞ and w(∞). Since ∞ is not a Weierstrass
point of X+0 (p), there are normalized functions U,V,W ∈ Q(X+0 (p)) which have a unique pole
at ∞ of multiplicity 3, 4 and 5, respectively. In fact, such functions lie in 1/2 ·Z[x, y] and to find
them we use that ordw(∞) H = ord∞ H(x,−y) for all H = H(x,y) ∈ Q(x, y). For instance, for
p = 67 we can take (U,V,W) as the following triple
(
y + x3 − 2x2 + x
2
,
xy + x4 − 2x3 + x2 − x
2
,
x2y + x5 − 2x4 + x3 − x2 + 2x
2
)
.
By using q-expansions we can compute the functions TrK/Q(j) and NormK/Q(j) as poly-
nomials in Z[U,V,W ], since for every integer n > 2 there are nonnegative integers a, b, c such
that n = 3a + 4b + 5c. The common zero of both functions provides us with the coordinates of
the elliptic point T . So, we obtain T = (0,−3), (3/2,5/8) and (3,−19) for p = 67,73 and 103,
respectively.
Proposition 4.2. The function j admits a good factorization for p = 67, p = 73 and 103 with
optimal weight 7, 4 and 5 respectively and the corresponding normalized function R is
(
3 + 3x − 8x2 + 5x3 − 3x4 + 5x5 − 4x6 + x7 + y − 2x3y + x4y)/2 if p = 67,(−4 + x + 5x2 − 4x3 + x4 − 2y + xy)/2 if p = 73,
2/
(
1 + 6x − 4x2 − 4x3 + 3x4 + x5 + y + 3xy + x2y) if p = 103.
Proof. By Theorem 4.1, we know that the optimal weight can be 4,5 or 7. Take U0,V0,W0 ∈
Q∩R such that all of them vanish at the elliptic point T and U −U0, V − V0 and W −W0 are
constant.
Again by Riemann–Roch theorem, there is a good factorization with ω = 4 if and only if
there is a ∈ Q such R = V0 + aU0 has divisor of the form (T ) + 3(M) − 4(∞) for some M ∈
X+0 (p)(Q). It is easily checked that this only happens for p = 73 and M = (1,−1).
For weight 5, we have to find a, b ∈ Q such that the function W0 + aV0 + bU0 has divisor
of the form 2(T ) + 3(M) − 5(∞) and it has solution for p = 103 and M = (0,−1) but not for
p = 63.
Finally, we obtain a normalized function R ∈ 〈U0 · V0,U20 ,W0,U0,V0〉Q such that div(R) =
(T )+ 3(M)+ 3(w(∞))− 7(∞), where M = (2,−1).
The functions R obtained are those in the statement. 
Remark 4.2. For g+ > 1 and p ≡ 1 (mod 3), 73 and 103 are the only primes that we know lie
in S . In these cases, the only known rational point of X+(p) attached to a quadratic Q-curve of0
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the class number of the maximal order of Q(
√−p) and these weights are in [g+ + 1, g+ + 3] as
for g+  1.
To conclude, we show the j -invariants j0 of the two known Q-curves of degree p ≡ 1 (mod 3)
and g+ > 1 (in both cases g+ = 2). They are written of the form r30R0 with R0 ∈ Q and −1 
vl(R0) 1 for all l-adic valuations:
p R0 r0
73 5/2 3(−26670989 ± 15471309√−127)/225
103 19 3.24(1623826405 ± 30228849√5 · 577)
The values R(z0) obtained with the function R as in Proposition 4.2 are
R(z0)=
{
R(3/2,5/8) = 5/24 if p = 73,
R(3,−19) = 1/192 if p = 103.
This result shows that the definition given of good factorization is reasonably acceptable.
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